A Network Model for Deep Bed

Filtration Processes

Equations for the deep bed filtration problem are obtained as a spe-
cial case of a general model formulated earlier. The filtration coefficient
\ is expressed as an explicit function of system parameters such as
fiuid flow rate, pore density, and pore size distribution. For a unimodal
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pore size distribution it is found that A remains constant both in space

and time. In general, however, X\ is shown to decrease. Explicit solutions
to the problem, including particle density profiles and permeability, are
obtained for the two cases of large values of the coordination number 2
(capillary tube model), and for a bimodal pore size distribution with a

finite coordination number.

Introduction

Mathematical models of a complex process, such as deep bed
filtration, have been attempted in the past following two dis-
tinctly different approaches of increasing complexity (Tien and
Payatakes, 1979): a phenomenological global approach, and a
theoretical local approach. The phenomenological approach re-
lies on postulating simple conservation and rate equations for
the description of the overall behavior of deep bed filters. Start-
ing with a particle mass balance for a linear system with con-
stant properties

dy do, dy
Z iy gZ-0 1
TR ()
the transformation
—t— [72d 2
r jﬂ' L @)
is introduced, to rearrange Eq. 1 into the form
do, ay
— +g=—==0 3
a7 1 ox ®)

In the above, y denotes particle concentration, ¢ is porosity, o,
represents volume of particles deposited per unit pore volume, ¢
is the superficial velocity, and x and ¢ denote distance along the
bed and time, respectively. The process of filtration is subse-
quently taken to be a rate process, frequently assumed to be first
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order with respect to concentration,

do,
v _ A
o gAy

4

Equation 4 serves for the definition of the filtration coefficient A,
the determination of which has been the subject of numerous
investigations in deep bed filtration (Ison and Ives, 1969; Ives,
1970). In general, the filtration coefficient is anticipated to
depend explicitly on several system parameters and implicitly on
time and the distance along the filter bed (Herzig et al., 1970;
Chiang, 1983; Tien, 1983). Specific functional dependences of A
on the diameter of the filter grains (pore size) d,, carrier fluid
viscosity 7, and fluid velocity g have been obtained by Rajago-
palan and Tien (1979) and are tabulated in Table 1. The filtra-
tion coefficient was also found to vary with process time, gener-
ally decreasing with time. In certain cases, an initial short period
of increasing A has been reported and attributed to an initial
increase of specific surface area. Quite frequently, however, this
initial period was not observed (Tien and Payatakes, 1979).
Instead, the filtration coefficient decreased monotonically as a
result of a decrease in the specific surface area available for
deposition and an increase in the interstitial fluid velocity.
Although convenient for experimental investigations, the phe-
nomenological approach has definite predictive limitations.
These limitations can be overcome by an alternative local theo-
retical approach. Using trajectory analysis, Payatakes (1973)
and Rajagopalan and Tien (1976, 1979) have made significant
advances toward a better understanding of the mechanisms of
filtration. Trajectory analysis methods involve the numerical
integration in representative unit cells of the relevant equations
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Table 1. Exponent n in the Equation \ = X

Variable Rajagopalan Rajagopalan Ives Ison & Ives Present
X (1974) (1979) (1970)  (1969) Study
q -1 ~1210-02 -1 -4 -
M -1 -12t0-02 -2 +1.4 =
N* 1 1 1 1 1
L 1 1 1 1 1
Pe -3 -» - = -k
¢D - - - - —1/J
k, — — — — -1
rfr, —25t0-02 -2t0-05 — -24 -%

of motion for non-Brownian particles subject to hydrodynamic,
gravitational, electrostatic, and Hamaker forces. For fixed unit
cell geometry, the numerical integration leads to the determina-
tion of the local collection efficiency and the corresponding local
filtration coefficient. Furthermore, the functional dependence of
the rates of particle deposition on the various dimensionless
parameters can be inferred numerically. This theoretical local
approach provides a valuable insight into the local mechanisms
for filtration processes of non-Brownian particles. However, rig-
orous application of the method to describe the overall global
behavior of the process would require additional computations
of increasing complexity.

The estimation of macroscopic quantities such as the pressure
drop across the filter bed and the evolution of permeability, are
currently based on Carman-Kozeny type equations. Inherent to
this equation and its modifications is the assumption of a porous
medium model in terms of a bundle of parallel capillaries. The
resulting implication is that the permeability is uniquely deter-
mined by a single parameter, namely the porosity. The inade-
quacy of such models has been noted in the literature, where it
was pointed out that resulting errors in pressure drop prediction
are quite large (Payatakes et al., 1974). In the absence of exact
results, the dependence of the pressure gradient on process
parameters is alternatively expressed in terms of experimental,
numerical, and empirical correlations of the form (Tien, 1983;
Herzig et al., 1970)

(9p/dx)

5
@p/ax), ©)

= F,(o; system parameters)

From the above brief literature review it is apparent that
there is a lack of general consensus on the interrelation between
local quantities such as the filtration coefficient, and macro-
scopic quantities such as pressure drop and permeability. Fur-
thermore, considerable uncertainty exists about the evolution in
time of the above variables. In this paper, we propose a simpli-
fied formulation from which the estimation of such effects can
be obtained for filtration processes in porous media having a net-
worklike structure.

Mathematical Formulation

We consider deep bed filtration processes where removal of
particles from the fluid stream occurs by particle deposition on
pore walls. Size exclusion effects are negligible for a properly
designed filter. Following the notation of the model developed
earlier (Sharma and Yortsos, 1987a) we take r)>» rf thus 4 » 1
and the integral I;,(r,p/ A) becomes negligible for all but a negli-
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gibly small fraction of the injected particles [I(r,/4) < 1].
Similarly, the corresponding rates of pore closure due to size
exclusion are negligibly small, as r,,4 » 1, hence Fip(rppA) =
1.

Examination of the population balances (Sharma and Yort-
sos, 1987a) shows that the surviving rate terms do not explicitly
involve the particle size distribution f£;; thus we may integrate
the population balances over all particles sizes to obtain

9p 4
—2 _ER
ot ps 6)
dp,  dp,
at + x - _ERPJ (7)
3N, f, 3 [, [ug\13
a - Mg by ®

where the dimensionless subscript D has been dropped for con-
venience. Equations 6-8 describe the local behavior of the filtra-
tion process based on the model postulates of mass-transfer lim-
ited regime and constant injection rate and porosity premises.
Equations 7 and 8 consist of two nonlinear equations coupled to
each other through the variable R, which is a function of N, f,
through u,, and the permeability g,,. Before we proceed with the
solution of the above equations, we note that in Eq. 7 the group
ER represents a local dimensionless filtration coefficient. In the
notation of Iwasaki (1937), Herzig et al. (1970), and Tien and
Payatakes (1979) we identify

(2D (r) L3113 - )
A« ER = 2rN* [——q"zk—"— N, fo (urr?)f, dr, (9)

Aside from the intricate dependence on the instantaneous pore
size distribution, as yet unresolved, the functional dependence of
the local filtration coefficient on other process parameters is
directly apparent from Eq. 9. This dependence is, of course,
exact for a filter at initial conditions. In the course of filtration,
additional effects of the process parameters on the local filtra-
tion coefficient enter implicitly through the dimensionless pa-
rameter C, as will be shown later. Nevertheless, a direct compar-
ison of the present model predictions to previously reported
investigations is possible, Table 1.

We observe an exact agreement for the effects of volume den-
sity of original pores N}, and local Peclet number Pe. Fair
agreement exists for the effects of the flow rate g, while a dis-
crepancy in the exponent arises for the dependence on the car-
rier fluid viscosity u. This discrepancy reflects the Levich
approximation taken to represent the rate of deposition in the
mass transfer limited regime. We note that in this work use is
made of the Stokes-Einstein expression for the diffusivity of
Brownian particles. Equations 69 also suggest that the local fil-
tration coefficient is a function of time and distance along the
filter bed, through the parameter C. This functional behavior is
the main subject of the investigation and is elucidated for cer-
tain particular cases in the following analysis.

Method of solution

We consider Eq. 8 and observe that the dependence of ¥, and
J,on x and ¢ enters implicitly through the variable .. Specifical-
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ly, by defining the new variable

y=['pudt (10)

Eq. 8 is transformed into an equation in terms of the variables y,
r,. Therefore, for spatially constant initial conditions, both N,
and f, depend implicitly on distance and time through the vari-
able y.

The method of solution is given in the supplementary materi-
al. The implicit solution obtained is,

y=0 (11a)

1 prix dy
E[ G(»

Finally, further substitution of this result into Eq. 7 yields the
particle density profiles,

X x<t (11b)

0 x>t (122)
160G - x) x<t (12b)

where
G = [TR( dy (13)

We observe that given the functional dependence G(y), or
equivalently R(y), the particle density profiles can be con-
structed directly.

It was previously noted that R actually represents a dimen-
sionless form of the filtration coefficient. If, as is frequently
done in the filtration literature, R is taken to be constant, Eq. 13
yields

G(») =Ry (14)

which, upon substitution into Eq. 11b, leads to the solution
y=(t — x) exp (—ERx) (15)
For this case the particle concentration profiles become
p; =exp (—ERxX)YH(t - x) (16)

where H(x) is the Heaviside step function. Equation 16 repre-
sents the familiar exponential profile, frequently employed in
filtration studies with constant filtration coefficient.

The assumption of constant R, although leading to a simpli-
fied description, is inconsistent with the preceding formulation.
As noted, we anticipate the filtration coefficient to vary with
time and distance implicitly through the variable y. The desired
functional dependence R(y) is in principle obtained from the
solution of the population balance for open pores, Eq. 8. In terms
of the variable y, the latter reads

oN, f, ] ug\l/3
dy = Nt a’p[fp(rp) an

1646 October 1987

Vol. 33, No. 10

The solution of the above equation in closed form is generally
quite difficult, in view of the intricate dependence of u, and g,,
on f,. A numerical scheme is an obvious alternative. However, in
order to obtain some insight into this problem we elected to
study in the remainder certain simple cases that allow an analyt-
ical treatment.

Case 1. Large Z approximation

When the coordination number Z is large, the network
reduces to a mode! of parallel capillaries, while the effective-
medium theory (EMT) becomes exact (Koplik, 1981). In this
case the effective conductance g,, is explicitly related to the pore
conductance distribution f, by the expression

=N, [" o, ds (18)
while the fluid velocity distribution becomes

Up = ":/sk (19)

In view of these, Eq. 17 becomes

dN,.fo) pd | ()

where use is made of the dimensionless relationships k = g,./Zwe
and 8 = g,,. The latter is the dimensionless conductance at ini-
tial conditions obtained from the solution of Eq. 18 with N, = 1.
We next rearrange Eq. 20 by introducing the conductance dis-
tribution £, through the relationships

Sodr, = fodg Q1
g=r (22)

and making the substitution

F=N,f, (23)

We remark that Eq. 22 reflects the assumed cylindrical pore
geometry and the resulting Poiseuille law approximation. We
also note that conductances are made dimensionless on the basis
of the characteristic dimensional value g* = x(ry)*/8l,. Upon
substitution we obtain

aF 208 o
" 2l o [Fg] (24)

where g,, is an implicit function of y. Equation 24 is subject to
initial conditions

Ny=1, fo=Sfolg); y=0 (25a)

thus,
F=f.(g); y=0 (25b)

The solution of the first-order hyperbolic partial differential
equation, Eq. 24, can be obtained by the method of characteris-
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tics. The procedure used is detailed in the supplementary mate-
rial. The solution takes the implicit form,

N ["
b= Sel®) dg (26)
1 [6g"° 4 v)s 6g'% .. vl
L -
in terms of the timelike variable

dy

- 13 [y 77
v=2C8 fo o (28)

The effective conductance g, thus the permeability, can be cal-
culated directly using Eq. 18. We obtain

w [67'% — v\6
gm - /) ( 6 fgo(n) dﬂ (29)
Finally, if we further denote
- (678 — v\6
K(v) = A
@= ( e | Sl dn (30)
Eq. 28 implies
K(v)1/3
dy = W dv (31)
which furnishes the connection between v and y:
1 v 1/3
y= 2—6‘[3‘_/5-/‘; K@)\ dv (32)

Equations 26, 27, and 29 express the open pore density, the open
pore conductance, hence the size distribution, and the perme-
ability, in terms of the variable v, which is in turn related to the
variable y through Eq. 32. Thus, all the above quantities, and
therefore the filtration coefficient R, can be calculated explicitly
as functions of the variable y. The latter is, of course, needed for
the evaluation of the particle concentration profile, Eq. 12b. The
computations required are minimal and involve standard rou-
tines.
The results obtained are numerically illustrated for an initial
pore size distribution of the Raleigh form
fo=2r,exp(~rd) (33)
Plotted in Figure 1 is the evolution of the pore size distribution
as a function of the variable y for filtration at constant rates.
The associated permeability reduction, the increase in the pres-
sure gradient, and the number of open pores are shown in Figure
2 for fixed values of the parameters E and C. It is evident that
the largest reduction in size occurs for pores of largest radius,
while smaller pores experience a significantly smaller reduction.
Eventually, the size of all pores has been reduced considerably,
so that after sufficiently large values of y, complete pore closure
occurs. Similarly, at any fixed location the number of open pores
remains almost constant for a considerably long time, and rap-

AIChE Journal October 1987

I | T 1 ] T

1.2 —
1.0}~ y=1.0 —
1
08 -
N -
= 06 —
-
04 y=0 -
0.2 —

0. | L |

%O 04 08 12 1.6 20 24 28
"p

Figure 1. Evolution of pore size distribution with timelike
variable y at large Z.

idly diminishes to zero as the time of pore closure is approached.
By contrast, the permeability decreases smoothly. This behavior
is physically interpreted by noting that by virtue of the large Z
approximation, the largest radius pores are exposed to the larg-
est portion of the flow, thus encountering and retaining the larg-
est fraction of particles. Consequently, the rate of size reduction
for such pores is the largest. On the other hand, a disproportion-
ately smaller fraction of the flow is allocated to the smaller size
pores, resulting in smaller rates of pore closure. It should be
noted that this conclusion is valid only for the capillary tube
model (Z — ). For finite Z, the pore radii near the mean value
will have maximum flow velocities and will close fastest, as also
observed experimentally (Payatakes, 1973; Tien, 1983).

The filtration coefficient function R(y) and the associated
function G(y) can be calculated directly for the particular pore
size distribution by inserting Eqgs. 26, 27, and 32 into Eq. 9. We
note that the filtration coefficient is a monotonically decreasing
function of the timelike variable y approaching zero at large val-
ues of y. The corresponding particle concentration profiles can
be obtained by direct substitution into Egs. 1! and 12. Typical

LO—T—T1 T 7100
Np .
0.8 &P _lgo
- RAYLEIGH DISTRIBUTION —
ﬁl/ﬁc .
06— .1 — 60
B =1
L Bl |
0.4 gm — 40
042[ —e2o0
0.0 [ | 0
00 04 08 12 16 20
y

Evolution of number of open pores, permeabili-
ty, and pressure drop with timelike variable y at
large Z.

Figure 2.
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calculated concentration profiles in terms of dimensionless dis-
tance and time are shown in Figures 3 and 4. As anticipated, and
contrary to the constant A approximation, the particle concen-

tration increases with time at any fixed location, reflecting the.

progressive deterioration of filtration efficiency. We note that
smaller penetration of particles into the filter bed and steeper
profiles result from higher values of ER,, as expected. It is also
observed that the concentration profiles, although varying with
time, approximately follow an exponential distribution in dis-
tance, thereby indicating that the local filtration coefficient is
approximately independent of distance in the filter bed.

A quantity of considerable interest is the gradient of the par-
ticle concentration at the inlet of the filter bed. From Egs. 11b
and 12b, the filtration coefficient at the inlet of the bed A =
ER(?) is

% = —ER(?) 34)

0x |x-0
where use is made of constant concentration at x = 0, thusy = ¢.
A plot of the filtration coefficient at x = 0 is shown in Figure 5.
We note that the filtration coefficient decreases monotonically
with time, and is a strong function of the parameter C. Higher
values of C, thus of p*, resuit in a more rapid decline in A with
time. We remark that a finite pore closure time is obtained. This
can be calculated from Egs. 26 and 32 by taking the limit v — o
and recalling thaty = tatx =0

1

L= 2Cﬁ1/3

_[ * K(v)'* dv (35)

In view of the properties of Eq. 30, the above integral converges.
Clearly, pore closure, hence termination of filtration, is faster
for larger values of C, hence larger values of injection concentra-
tion. This behavior is not predicted by constant filtration coeffi-
cient models. The present model indicates an implicit Jepen-
dence of the filtration coefficient and the concentration profiles
on the injected concentration. Thus, the process of deposition
continuously departs during the course of filtration from a first-
order rate dependence with respect to the injected concentra-
tion.

A few additional remarks are pertinent concerning the evolu-
tion of the filtration coefficient with time. As indicated in the
Introduction, previous experimental investigations have re-

1.0

08

Figure 3. Particle concentration profiles at large Z.
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Figure 4. Particle concentration profiles for fixed time at
large Z.

ported an initial increase of the filtration coefficient for a short
time followed by a continuous decrease. The initial increase,
attributed to an associated enlargement of the surface area as
the filter grains are coated with a monolayer of particles, is not
predicted by the present model. The subsequent decrease is the-
orized to occur as a result of an increase in the interstitial fluid
velocity and a decrease in the available area for deposition. Both
of the latter phenomena are explicitly accounted for in the above
analysis. Although the numerical illustrations shown pertain to
the evolution in time of the filtration coefficient at x = 0, they
represent fairly accurately the behavior of the overall coefficient
as mentioned above. Furthermore, an expression for the latter
can readily be derived

Eln [G(1)/G()]

MNTE 1/[EG(t — 1)]

(36)

where y, is the value of y at x = 1. Although not presented here,

more detailed investigations can be readily carried out using Eq.
36.

Case 2. Single pore size distribution

To i"astrate the effect of the pore size distribution on the fil-
tration process, we next consider filtration in a porous network

OS—T—TT T T T T T 71
£:10
B=10

0.41— x =00 —
AN

03

x = ER

0.2

0.l

O.%‘

Figure 5. Evolution of filtration coefficient with time at fil-
terinlet at large 2.
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of finite coordination number Z with an initial unimodal size
(conductance) distribution

Jro =88 — £1) (37)
During the course of filtration the conductance distribution
remains unimodal, f, = 8(g — g), while the number of open
pores is constant until g; becomes equal to zero. For such distri-

butions, the effective conductivity g,, is equal to g,. To evaluate
the filtration coefficient R, we use Eq. 9 to obtain

R~ fo * (ugr®) Po(r, — r,) dr, (38)

and, in view of Egs. A10, 34, and 35 in Sharma and Yortsos
(1987a),

R=8"/2 (39)
Therefore,
2DM(r) L)/
A-ER - N;[—"‘I(Tr;;)———ﬁ] (40)

We deduce that in this case the filtration coefficient remains
constant and equal to its initial value throughout the process, as
there is equal flow partition among the pores. The dependence of
A on the various system parameters is identical to that presented
in Table 1. In contrast to the previous case, however, A is now
independent of time and the dimensionless parameter C.

For constant filtration coefficient, the concentration profiles
have the exponential dependence indicated in Eq. 16. Neverthe-
less, the permeability continuously decreases with time as the
pore sizes are reduced due to deposition. The permeability
reduction is explicitly obtained for this case from Egs. 8, 9, 21,
22, and 37. We obtain

af, g 9 gm — g \'?
22 _ Iyl p— H 4 22
ot el og e+ g+ agn

] (41)

which, in view of the fact that f, — 6(g — g,.), yields upon substi-
tution and rearrangement

~1/2 9m
gmn/z 9&m

- =2C 1/3
ot B e,

(42)

In conjunction with the solution of Eq. 7 for constant R shown in
Eq. 16, Eq. 42 admits the following solution

g’ = gie’ — CB'(t — x) exp (~ER)H(1 — x)  (43)
where R takes the value in Eq. 39. Pore closuré occurs at time ¢,
evaluated from Eq. 43 atx =0

1, - gl /CB\? (44)
Notice the functional dependence of pore closure time on the
dimensionless group CB'/%, lower values of C implying a larger
operational life for the filter.
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Case 3. Bimodal pore size distribution

As a final case, we consider a network of a finite coordination
number Z with an initial bimodal pore size (conductance) distri-
bution

f;ro = (l - p)é(g - glo)

+pog— 80)r  B<fw O<p<l (45)
In such processes the sizes g, g, continuously decrease and the
distribution remains biomodal as long as g, > 0. For g; > 0, the
number of open pores remains constant, and the effective con-

ductivity g,, is exactly evaluated by the EMT

agn + pgal(1 + a — ap)g
+o(l/p—a—-1]—gg=0 (46)

where we denoted « = Z/2 — 1 > 0. Thus, g, can be obtained
explicitly in terms of the individual conductances g,, g,. The lat-
ter satisfy evolution equations in time that can be derived by a
procedure similar to the one used for Eqs. 24 and 41. The equa-
tions and their solution are provided in the supplementary mate-
rial.

In the following numerical illustrations, the solutions are
expressed in terms of the ratios
and 47

X=g/& W= g./g

Typical profiles for the evolution of X, W, gy, g.., and R in terms
of g, are shown in Figure 6 for a finite coordination number. It is
generally noted that X, W, and R decrease monotonically witha
decrease in g,. The smaller pores become effectively plugged at
a finite value of g,. Beyond this point the distribution becomes
unimodal and the filtration coefficient is constant thereafter. It
is incidentally noted that when the fraction p is less than the per-
colation threshold p,, the permeability g,, becomes identically
equal to zero at the moment the smaller pores close. The sensi-
tivity of the variables X, W, R to g, is significant only for small
values of X,, Figure 7. At such values the solution is quite sensi-

1O——==r T =
4 //
i R/Rq ///
08— /// -
s
—  /x/X,
0.6{— // 9/910 Im/Immio—
/
0.4 !
/
0.2% —
] p=0%
00 [ | 1
0.0 04 08 1.2 16 20
92

Figure 6. Variation of g,, g,, R, X with g, at Z -~ 6
(X, = 0.5).
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Figure 7. Variation of g,, g,, R, X with g, at Z = 6
(X, = 0.02).

tive to both the coordination number, Figure 8, and the fraction
p, Figure 9. Smaller values of Z and p generally lead to sharper
variations in R and X, as g, decreases, and to a faster closure of
the smailer pores.

We conclude that when X, is not very small the two pore con-
ductances reduce almost uniformly, the permeability remains an
almost constant fraction of the largest conductance, while the
filtration coefficient remains practically constant. As the clo-
sure time of the smaller pores is approached, a sharp decrease in
the filtration coefficient to a lower constant value is predicted.
As long as the original fraction p is larger than p,, the ratio W,
hence the permeability, also experiences a sharp decrease to a
lower constant value when the closure time of the smaller pores
is approached. The above behavior appears not to be very sensi-
tive to variations in Z or p. On the other hand, a definite sensitiv-
ity is manifested when the original ratio X, is small. For X, = 0.5
the corresponding ratio in the original pore sizes is equal t0 0.84,
while for X, = 0.01 the corresponding ratio is 0.31. Therefore,
the case of small X, is of greater significance than that for X, =
1.0.

We next proceed to a brief discussion of the concentration
profiles. The method of solution is again outlined in the supple-
mentary material; the results are presented in Figures 10 and
11. Typical time profiles of the filtration coefficient at x = 0 are
shown in Figure 10. As in the case of large Z, the coefficient

00 04 o8 1.2 16 20
92

Figure 8. Time variation of R and X for various p.
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Figure 9. Variation of R and X for various z.

decreases monotonically with time. The decline rates are larger
for smaller Z, smaller p, and larger values of C. Note that
beyond the critical time corresponding to complete plugging of
pores of conductance g, the filtration coefficient remains con-
stant.

The profiles are shown in Figure 11. The familiar exponential
type behavior with respect to x is observed, suggesting that the
filtration coefficient may not be a sensitive function of x for suf-
ficiently large times. As shown in Figure 11, the particle concen-
tration profiles decrease with an increase in the dimensionless
parameter E. The evolution in time of the profiles follows closely
the corresponding evolution in the filtration coefficient, if we
recall that the slope at the origin is identical to the filtration
coefficient. For instance, when X, is not small the profiles
change slowly with time until pore closure is established, while
they are relatively unaffected by variations in Z or p. On the
other hand, the profiles are significantly changing with time
when X, is small. As previously noted, rates of decline with time
are roughly proportional to the parameter C.

Comparison with experiments

Experiments were conducted with packed beds of Ottawa
sand 1 ft. (30 ¢m) long and 2 in. (25 mm) in diameter, into

0.6f
LS
R0
e¥ e
L=6
_____ Z=
0.2f ®
1 J— L I}
0 0.4 0.8 12 1.6 20

Figure 10. Filtration coefficient as a function of time.
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Figure 11. Particle concentration profiles at fixed time
for various E.

which clay suspensions were injected. The pressure drop across
the sandpack and the effluent particle concentration profiles
were monitored for a constant flow rate. The pore size distribu-
tion of the packed bed and the particle size distributions of all
injected particle streams were measured. The surface charges on
the injected clay particles and the Ottawa sand were also deter-
mined. The experimental details and a complete set of results
are provided elsewhere (Sharma, 1985; Baghdikian et al,
1987).

A comparison was subsequently made between the model pre-
dictions and the experimental results. First, the dependence of A
on the various system parameters as listed in Table 1 was tested,
Figure 12. For small particle diameters size exclusion is negligi-
ble and the predictions of the present study agree quite well with
the experimental results. For larger particles, size exclusion as
well as the non-Brownian behavior of particles becomes impor-
tant and the results of this study are no longer valid. The varia-
tion of the local filtration coefficient with flow rate is also ade-
quately predicted from the persent model. The experimental
results from Yao et al. (1971) are closely matched with a line of
slope —2/3, Eq. 9.

Next, the permeability decline profiles were compared. The
results for different clay injection concentrations and flow rates

L L L LI L L
EXPERIMENTAL MODEL PREDICTION

O 2000 ppm 8310, q,31.0; R=10
,:- 4 3000 ppm C=0.4; E =10
Qa 4000 ppm ~-.= Cx02; E = LO

2 4 [ 8 10 12
t(dimensioniess)

Figure 13. Permeability decline for a sandpack at various
injection concentrations.

are shown in Figures 13 and 14. Since C is proportional to p¥,
the results in Figure 13 show fair agreement between experi-
ment and theory. The value of E was approximately determined
from effluent and injected particle concentrations. The present
model shows that changes in g affect both C and E and that
large values of E and small values of C cause smaller reductions
in permeability. The net effect of increases in g is to decrease
both C and E. Experimental and theoretical curves for perme-
ability reduction are shown in Figure 14. A fair agreement with
experiments is noted. A partial explanation for the discrepancy
at larger ¢ may be attributed to the fact that the theoretical
results plotted pertained to the large Z approximation.

Discussion

The time variation of the filtration coefficient is frequently
reported to show an initial period of increasing A. This is conjec-
tured to occur physically because of an initial increase in the
specific surface area of the filter grains. The present model does
not account for any changes in surface area as particles coat the
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Figure 12. Variation of A\ with experimentally measured
quantities g and r,.
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filter grains and hence does not predict such an initial increase.
Of course, it is rather straightforward to incorporate a linear rise
in specific surface area with the concentration of deposited par-
ticles until monolayer coverage, beyond which the area would
remain constant and A would decrease with time. In the declin-
ing A region the changes in the rate of decrease with system
parameters such as p}* and g are adequately described by the
model.

The premises of mass-transfer control at favorable surface
force interaction and absence of size exclusion effects are neces-
sary ingredients for the application of this method. When size
exclusion is important the problem becomes akin to a cake filtra-
tion or fines migration process, which is further discussed in a
future publication (Sharma and Yortsos, 1987b). If kinetic con-
trol is prevailing, the local rates of deposition in Egs. 7 and 8
take a simpler form. Following Sharma and Yortsos (1987a)
one infers that, in such a case, the filtration coefficient in Eq. (7)
becomes

R=N, fo“’ r.f, dr, (48)
while the population balance in Eq. 8 becomes
aN, f, af,
—re_ =r 49
5~ Crslp ar, (49)

Equation 49 implies that the rate of decrease of a pore is inde-
pendent of its size. The solution of Eqs. 48 and 49 is considerably
simpler than the solutions presented above, as both equations
are independent of the pore level flow distribution. The previ-
ously outlined method may then be implemented directly for the
solution of this simpler problem. In this case one may work
directly with the pore size distribution and subsequently obtain
the effective conductivity (permeability) by making use of
either the effective-medium theory or percolation theory. A pre-
liminary analysis shows that the filtration coefficient decreases
monotonically with time, the rate of decrease being independent
of the coordination number. Further details can be uncovered in
a straightforward fashion by directly employing the preceding
analysis.

The results obtained in this paper show that the filtration
coefficient is a function of time and a weak function of distance,
at least for the particular cases examined. The evolution in time
was found to be sensitive to the original pore size distribution
and the coordination number. For pore size distributions of more
complicated form than those treated above, a fully numerical
solution of the population balances is of course required.

A final comment regarding the assumption of constant poros-
ity is also pertinent. As indicated in the section pertaining to a
bimodal pore size distribution, this assumption is expected to be
reasonably valid as long as we recognize the existence of pore
necks and pore bodies that have quite disparate sizes. It was
shown that when the ratio in these sizes is of the order 1/3 or
less, the size of the pore necks reduces to zero in a time interval
during which the size of the pore bodies has only slightly been
reduced. The corresponding change in porosity is therefore quite
small. On the other hand, the model presented above can be
modified to account for porosity changes for the case of dilute
suspensions at constant injection rates, by removing the porosity
dependence from the dimensionless time and subsequently in-
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troducing the traditional transformation shown in Eq. 2. This
transformation eliminates the time derivative in Egs. 6 and 7,
while the porosity dependence of the parameter C disappears.
All expressions derived above would then remain valid if the fur-
ther substitution  — x — 7 is implemented.

Conclusions

The conventionally used filtration equation was shown to
arise as a special case of the general population balances derived
earlier (Sharma and Yortsos, 1987a). Specific methods of solu-
tion of these equations are outlined for several limiting cases. It
is shown that for the model presented here the assumption of
constant A usually made in the literature is valid only for the
case of a single pore size. In general, A decreases with time and
increases with distance along the filter. In addition, the func-
tional dependence of X on various system parameters can be
determined explicitly.

The complete solution of the population balance equations is
provided for three special cases. The results of these calculations
show that the pore structure of the filter bed (pore size distribu-
tion and coordination number) can significantly affect filtration
efficiency and permeability, and their evolution with time. The
particle concentration profiles were found to be approximately
exponential in distance for most cases considered. These solu-
tions enable one to predict effluent particle concentration pro-
files and head losses as a function of time.

Notation

C = dimensionless parameter
D = diffusion coefficient, L?
E = dimensionless parameter
[f = size density function, dimensionless
g = pore conductance, dimensionless
k = permeability, dimensionless
! = pore length, L
L = filter bed length, L
N = number of pores per total volume, dimensionless
p = pressure, ML} . T2
Pe = Peclet number
g = fluid superficial velocity, LT™!
r, = pore size, dimensionless
R = dimensionless parameter
t = time, dimensionless
ug = mean fluid velocity in a pore, dimensionless
x = distance, dimensionless
y = volumetric fraction of particles, dimensionless
Z = coordination number

Greek letters

B8 = parameter, =g,,,, dimensionless
7 = viscosity, ML™' . T~}

A = filtration coefficient, L'

p = concentration of particles, L~}
¢ = porosity

Subscripts

A = attached

¢ = critical

D = dimensionless
f = carrier fluid
m = effective

0 = initial
p = pore
s = particle
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